We present a microscopic theory of the optical properties of self-assembled quantum dots doped with a single magnetic manganese (Mn) impurity and containing a controlled number of electrons. The single-particle electron and heavy-hole electronic shells are described by two-dimensional harmonic oscillators. The electron-electron, electron-hole Coulomb as well as the short-range electron spin-Mn spin and hole spin-Mn spin contact exchange interactions are included. The electronic states of the photo-excited electron-hole-Mn complex and of the final electron-Mn complex are expanded in a finite number of configurations and the full interacting Hamiltonian is diagonalized numerically. The emission spectrum is predicted as a function of photon energy for a given number of electrons and different number of confined electronic quantum dot shells. We show how emission spectra allow to identify the number of electronic shells, the number of electrons populating these shells and, most importantly, their spin. We show that electrons not interacting directly with the spin of Mn ion do so via electron-electron interactions. This indirect interaction is a strong effect even when Mn impurity is away from the quantum dot center.
I. INTRODUCTION
There is currently interest in developing means of controlling spin at the nanoscale. [1] [2] [3] [4] [5] [6] [7] This includes spin of electrons and holes in gated 8, 9 and self-assembled quantum dots 10, 11 as well as magnetic impurities in semiconductors. 5, 6 It is now possible to place, optically detect, and manipulate a single magnetic impurity in a single self-assembled quantum dot (QD). [12] [13] [14] [15] [16] [17] [18] [19] The electrical control of the spin of manganese (Mn) ions in CdTe quantum dots with a small electron population controlled by the gate has been implemented. 20 The properties of CdTe quantum dots with magnetic impurities have been extensively investigated theoretically, 1, 18, [21] [22] [23] [24] [25] [26] [27] [28] [29] including the theory of Coulomb blockade and capacitance spectroscopy, 21, 24, 30 cyclotron resonance, 27 and photoluminescence (PL). 18, 22, 26, 31, 32 The optical properties of carriers confined in III-V quantum wells 33 and quantum dots 15 containing Mn ions have also been investigated. The electronic properties of quantum dots containing N e electrons and a single localized spin have been investigated theoretically. 22, 24 It was shown that the electron spin can be controlled by controlling the number N e (see Refs. 24, 31) . For closed electronic shells the total spin is zero and electrons are decoupled from the Mn spin, while for half-filled shells the electron spin is maximized and the coupling to the Mn spin is strongest.
24,31
The spin-singlet N e -electron droplet coupled to the Mn spin gives insight into the Kondo effect in the interacting electron system, and this coupling might potentially allow for direct detection of the electron spin. Simultaneously, the optical properties of charged QDs without magnetic ions have been studied both numerically and experimentally.
34-37
Here we present a microscopic theory of the optical properties of charged self-assembled quantum dots doped with a single magnetic Mn ion as a function of number of electrons N e . The single-particle electron and heavyhole electronic shells are described by states of a twodimensional harmonic oscillator. The electron-electron, electron-hole Coulomb interactions, as well as the shortrange electron spin-Mn spin and hole spin-Mn spin contact exchange interactions are included. The electronic states of the photoexcited N e + 1 electron-1 hole-1 Mn complex (X Ne− +Mn) and of the final N e electron-Mn complex (N e +Mn) are expanded in a finite number of configurations. The full interacting initial and final state Hamiltonians are diagonalized numerically. The emission spectra as a function of photon energy are obtained from Fermi's golden rule as a function of N e . We show that the emission spectra depend on the number N e , the position of Mn ion, the spin of the initial and final electronic states, and the size of the QD measured by the number of confined electronic shells. We demonstrate that the emission spectra allow to establish the number of electrons N e populating electronic shells and, most importantly, to read the electronic spin through multiplets of energy levels manifested in the number of emission lines. If the Mn ion is placed in the center of the QD, the p-shell electrons do not interact with it directly. However, we show that in this case there exists an effective electron-Mn interaction mediated by electron-electron interactions. This mechanism allows to detect the spin polarization of a half-filled p shell.
The paper is organized as follows. Section II describes the microscopic model, electronic structure, total spin, and the emission spectrum of the system of many electrons and a hole in a QD doped with a single Mn atom. Section III summarizes the results of the calculations of the emission spectra from nonmagnetic QDs as a function of the number of initial-state electrons, and discusses in detail the emission from a magnetic QD containing pshell electrons, i.e., X 2− and X 3− complexes. In this section, we also compare the emission spectra of X-, X − -, arXiv:1309.0283v2 [cond-mat.mes-hall] 17 Sep 2013 X 2− -and X 3− -Mn complexes and discuss the differences and similarities between them. At last we discuss the effects of Mn position on the X 2− -Mn PL spectrum. Summary of the work is presented in Sec. IV.
II. MODEL
We model the confining potential of the QD in the effective-mass approximation as a quasi-two-dimensional isotropic harmonic oscillator (HO). 38, 39 Since the strain in the QDs results in the significant splitting between the light-(τ = ±1/2) and heavy-hole (τ = ±3/2) subbands 40 , we retain only heavy-holes in this calculations. We define the single-particle basis for electrons (hole) in terms of the eigenstates of the isotropic parabolic quantum dot with the characteristic frequency ω e(h) . The basis states are denoted by |iσ for the electron and |jτ for the hole, where the complex index denotes a set of the HO quantum numbers i = {n, m}, while σ (τ ) is a spin z-projection of the particle. Each single-particle state has an angular momentum of L e = m − n for the electron and L h = n − m for the hole. The energies of these single-particle states are given by E e(h) i = ω e(h) (n + m + 1). We measure energy in units of the effective Rydberg, Ry * = m * e 4 /2 2 2 , and length in the units of the effective Bohr radius,
, where e is the electron charge, is the reduced Planck constant, m * is the effective mass of the electron, while is the dielectric constant of the material.
The Hamiltonian of the confined, interacting N e + 1 electrons and a valence hole interacting with the spin of the magnetic impurity can be written in the second quantization language as 31, 34 
consist of two types of terms. The first one is the Ising interaction, which conserves the spin of both the electron and the Mn. The second and third terms of the e-Mn Hamiltonian allow for the simultaneous flip of the electron and Mn spins in such a way as to conserve M z + σ. The last term is the anisotropic heavy-holeMn spin interaction, 22, 41 which describes a scattering of the hole from i to j single-particle states by a Mn ion at the position R. The e-Mn and hole-Mn (h-Mn) interaction is proportional to the s(p)-d exchange matrix elements, J e(h)
, where φ i (R) is the value of the HO wavefunction at the position R, while J
is the bulk exchange contact interaction parameter, while d is the height of the QD. As J e(h) i,j (R) depends on the position R of the Mn ion in the QD, by changing R one can control the strength of the e-Mn interaction.
24
The many-particle wave function is expanded in the basis of the configurations of N e + 1 electrons and a hole
|0 is a state of Having obtained the initial and final states, one can calculate the circularly polarized emission spectra from the Fermi's golden rule:
where ω is the photon energy, while E i and E f are the energies of the initial and final states, respectively. The coefficient P i is the probability of thermal occupation of the initial state |ν i , P i = exp (−E i /kT ) /P SU M , with P SU M = i exp (−E i /kT ). The interband polarization operator P = kl k|l c k h l removes one electron-hole pair from the initial state. The optical selection rules 34 are defined by the overlap k|l between the electron and hole orbitals.
III. ELECTRONIC STRUCTURE AND EMISSION SPECTRA OF CHARGED MAGNETIC DOTS
In this section, we present the results of numerical calculation of the emission spectra of multiply charged QDs doped with a single Mn ion. Recent experiments and theory 18, 42 indicate that in the CdTe quantum dots there are at least three confined single-particle shells, s, p, and d, and the presence of the d shell can give rise to new effects, such as the quantum interference (QI).
18 When Mn is in the center of the QD (R = 0), only those electrons that occupy the zero angular momentum orbitals are coupled with it. In the presence of three shells in the QD, there are two zero angular momentum orbitals, one in the s and one in the d shell.
The calculations are carried out with the following parameters: Ry * = 12.11 meV, a * 0 = 5.61 nm, for CdTe with the dielectric constant = 10.6. The electron and hole effective masses are m * = 0.1m 0 and m h = 4m * , respectively, with m 0 being the free-electron mass. The electron characteristic frequency ω e = 1.98 Ry * and ω h = ω e /4. The constant scaling the exchange contact interaction in the bulk CdTe for electrons is J s−d = 15 meV·nm 3 , and for holes is J p−d = 60 meV· nm 3 , while the height of the QD d = 2 nm.
As already mentioned, first we present the emission spectra for a nonmagnetic QD for N e = 0 to 6. In the case of N e = 6, both s and p shells of the QD are filled. After that we investigate in detail the PL of X 2− and X 3− complex for the QD doped with a single Mn atom in its center. Lastly, we compare the emission spectra from X, X − , X 2− and X 3− complexes confined in a magnetic QD, and discuss their features.
A. Emission from a nonmagnetic charged quantum dot Figure 1 (a) schematically shows a ground state of the X 2− complex, composed of three electrons in the conduction band (CB) and a hole in the valence band (VB). Two electrons and the hole occupy the s shell, while the third electron is in the p shell. After the electron-hole recombination from the X 2− complex, the final state is formed by two electrons in the CB and a photon with energy ω, as shown in Fig. 1(b) . The remaining two electrons can be either in a triplet or in a singlet spin configuration, which have the same kinetic energy but are split by the e-e exchange Coulomb interaction.
34
Figure 1(c) shows the evolution of the recombination spectrum in σ + polarization as a function of the number of electrons in the initial (photoexcited) state. The area of the circles is proportional to the intensity of individual transitions. The emission is symmetric with respect to the hole spin, so the σ − polarization spectrum is exactly the same.
For doubly (X 2− ) and higher-charged exciton states the emission peak splits into two or more. The splitting in the emission spectra originates from the splitting of the final state as discussed above and in Ref. 34 . From the emission spectra of nonmagnetic QDs, one can not draw conclusion about the spin of N e electrons left after the electron-hole pair recombination. 34 Until each shell is half-filled, subsequent electrons are added with the same spin, increasing the total spin of this shell. After the half-filling is reached, electrons are added with opposite spin, which results in the spin zero of a completely filled shell. As the p shell is being filled, the maximum spin is reached when there are four electrons in the QD, while in the presence of six electrons, both s and p shells are filled, and the spin of electrons is equal to zero.
B. X-Mn and X − -Mn complexes
The emission spectra of both the exciton (X) and negatively charged exciton X − interacting with the spin of the Mn ion have been described previously.
12,18,20 Here we briefly summarize these results.
The ground state (GS) of the exciton-Mn system can be approximated by the configuration in which the electron and the hole occupy their respective s shell. The final states left after the electron-hole pair recombination are the degenerate states |M z of Mn. Thus, the emission spectrum from X-Mn complex consists of six emission lines (one for each M z ). The splitting between these lines corresponds directly to the splittings between X-Mn states, approximated by 1/2 3J h ss + J e ss in the symmetric QDs.
12 Since the h-Mn exchange constant J h ss is four times greater than the e-Mn exchange constant J e ss , the splittings are dominated by the h-Mn interaction.
12,18
The GS of a negatively charged exciton X − interacting with Mn consists of two electrons and one hole, all occupying the single-particle s shell. The two electrons are in the singlet state, which prevents them from interacting with Mn. X − interacts with Mn only through the h-Mn Ising Hamiltonian, which splits the otherwise degenerate X − -Mn into six levels similarly to the X-Mn case. However, in contrast to the X-Mn complex, there are two final states of the one e-Mn system with one electron on the s shell interacting with the Mn ion. These two e-Mn states have J = S + M = 2 or J = 3 and are split by the e-Mn interaction. Since the emission from the initial state with M z = 5/2 to the final state with J = 2 is forbidden, the emission spectrum of the X − -Mn has eleven lines arranged into six groups. 20 The emission spectra of the X-Mn and X − -Mn complexes will be shown in greater detail later on.
Here we present the emission spectra from X 2− -Mn complex confined in our magnetic QD with a single Mn ion in its center. We begin with a detailed description of the electronic structure of both initial and final states and then discuss the calculated emission spectrum.
Initial state
The ground state of the X −2 complex confined in a nonmagnetic QD can be approximated by the lowestenergy configuration shown schematically in Fig. 1(a) . The X −2 GS is fourfold degenerate: twice with respect to the spin of the electron in the p shell, and twice with respect to its angular momentum (L = ±1). Since the total angular momentum L is a good quantum number, the analysis will be carried out in the L = 1 subspace. The double degeneracy of the GS of X 2− complex due to the spin persists even in the presence of e-e and e-h interactions. The two main configurations of the X 2− complex are:
. These two states do not interact with each other since they have different spin projections s z . In a QD with three confined singleparticle shells, one can construct 198 different configurations of X 2− complex with L = 1 which interact either with |X 2− , s z = 1/2 or with |X 2− , s z = −1/2 via e-e and e-h Coulomb interactions. In a magnetic QD with Mn in its center, the angular momentum is conserved, and the total number of the X 2− -Mn configurations increases (2M + 1) = 6 times, reaching 1188 configurations in the L = 1 subspace.
Figure 2(a) shows the evolution of the X 2− -Mn lowlying energy spectrum with inclusion of interactions. The first column shows calculations with only kinetic energy T , second after we include e-e and e-h Coulomb interactions, third with h-Mn interaction added, and finally fourth includes e-Mn interaction. In the absence of any interactions the GS is twelvefold degenerate, twice due to electron spin and six times due to Mn spin orientations. This degeneracy does not change after inclusion of the e-e and e-h Coulomb interactions, however the energy of the complex decreases. After addition of the h-Mn Ising-type interaction, Eq. (1), the ground state of the X 2− -Mn complex splits into six doubly degenerate levels. Since none of the |X 2− , s z = 1/2 and |X 2− , s z = −1/2 configurations interact directly with the Mn via e-Mn interaction,
, one expects no change in the energy spectra of the X 2− -Mn complex after inclusion of the e-Mn interaction as in Eq.
(1). However, addition of the e-Mn interaction leads to further splitting of the X 2− -Mn energy levels as shown in Fig. 2(a) . Since the e-Mn coupling is smaller than the h-Mn coupling, the resulting splitting is magnified out of scale in order to visualize the effect. The origin of this splitting is in the indirect coupling between the p-shell electrons and Mn, mediated by e-e Coulomb interaction.
Figure 2(b) shows the coupling scheme among seemingly noninteracting configurations of X 2− complex and Mn ion. In order to simplify the discussion we focus only on the splitting caused by the e-Mn interaction. The filled arrows indicate a direct coupling between the X 2− -Mn configurations, while the dashed arrow represents an indirect coupling.
Let us start form the |X 2− , s z = 1/2 ⊗|M z configuration, see Fig. 2(b) top left. This configuration is coupled via e-e Coulomb interaction with an excited configuration (with the same s z and M z ) with a spin-down electron in the p shell, and two unpaired electrons in the s and d shells. The e-Mn interaction can flip the spin of the spinup electron in the s shell with simultaneous flip of the Mn spin to M z + 1, as illustrated in the bottom of Fig. 2(b) . This excited state with s z = −1/2 and M z + 1 is coupled with the |X 2− , s z = −1/2 ⊗|M z +1 via the e-e Coulomb interaction as well as the e-Mn interaction (J sd (0) = 0).
One can replace the coupling scheme between |X 2− , s z = 1/2 ⊗ |M z and |X 2− , s z = −1/2 ⊗ |M z + 1 configurations presented in Fig. 2(b) by filled arrows with a single dashed arrow, representing the indirect coupling. Effectively, one can look at this coupling as that of the p-shell electrons to a Mn ion, mediated by e-e and e-Mn interactions.
Final state
The final state left after the electron-hole recombination from the X 2− -Mn complex is composed of one electron in the s shell and one in the p shell, as illustrated in Fig. 1(b) . This state has the same total angular momentum as the initial state, namely, L = 1. The remaining electrons can be in a triplet state with total spin S = 1, or in a singlet state with S = 0. These states have the same kinetic energy, therefore in the absence of any interaction they are 24 times degenerate, four times due to electron spin and six times due to Mn spin. final states with the inclusion of different types of interactions. The e-e Coulomb interaction splits the triplet and the singlet states. The triplet is 18 times degenerate while the singlet is sixfold degenerate. Addition of the e-Mn interaction leads to the splitting of the triplet state into three levels with eight-, six-and fourfold degeneracy. The triplet state of the pair of electrons on the s and p shell experiences the same kind of splitting as a particle with S = 1 interacting with Mn via ferromagnetic interactions. At the same time, the singlet remains six times degenerate.
To understand the fine structure of the triplet state, let us analyze how the electrons interact with Mn. Fig-ure 3(b) shows the coupling scheme between two pairs of s-p electrons: |s z = 1 ⊗|M z and |s z = −1 ⊗|M z +2 in the presence of the Mn ion. Again, the filled arrows indicate a direct coupling between the configurations, while the dashed arrow indicates an indirect coupling. Let us start from the configuration |s z = 1 ⊗ |M z , Fig. 3(b) , top left. The e-Mn spin-flip interaction couples it with the configuration with s z = 0 and M z + 1, where the electron with the spin s z = −1/2 is on the s shell. This configuration is coupled by the e-e Coulomb interaction with a configuration with s z = 0 and M z + 1, but the spin down electron occupying the p shell. Again, the e-Mn interaction couples the former configuration with the |s z = −1 ⊗ |M z + 2 , through the e-Mn spin-flip process. Effectively, the coupling scheme shown by the filled arrows can be replaced by the dashed arrow, representing the indirect coupling between configurations |s z = 1 ⊗ |M z and |s z = −1 ⊗ |M z + 2 . From this coupling scheme, one can conclude that indeed a pair of s-p electrons interacts with Mn ion in the same way as a spin S = 1 particle, with three possible spin projections S z = −1, 0, 1, changing the spin of Mn from |M z to |M z + 2 , with simultaneous change of its spin from S z = 1 to S z = −1. The difference is that in a spin Hamiltonian both spins (S = 1 and M z = 5/2) interact directly, while in our model, the coupling with the p-shell electron is indirect.
Emission spectrum
Having obtained the X 2− initial and final eigenvalues and eigenstates, we calculate the emission spectrum of X 2− -Mn complex. The spectrum in the σ + polarization is calculated at temperature in which a thermal population of the twelve lowest X 2− -Mn states is equal [P i = 1 in Eq. 2]. The σ + polarized light is emitted due to the recombination of the spin-up hole and a spin-down electron from the initial X 2− -Mn state. Both total angular momentum of the electronic state as well as M z are conserved in the recombination process. Figure 4 (a) schematically shows the energy levels of both initial and final states. The dashed, solid, and dashed-dotted arrows indicate the optically active transition from all twelve initial states to the triplet final states, split into three levels with degeneracy eight, six, and four. The dashed-double-dotted arrows present six optically active transitions from the initial states with electron spin s z = −1/2 to the sixfold degenerate singlet state.
The emission spectrum from the X 2− -Mn complex is shown in Fig. 4(b) , with the colors and styles of lines corresponding to the styles of arrows in Fig. 4(a) . The emission spectrum consists of two groups of transitions [as in a QD without Mn in Fig. 1(c) ]: the lower lying transitions (six dashed-double-dotted lines) correspond to the transition to the final state with the two electrons in a singlet state (S = 0), while the higher-lying group corresponds to the transitions to their triplet state (S = 1).
Let us start the discussion by analyzing the lowerenergy part of the spectrum presented by dashed-doubledotted peaks. Since the final state−in this case an electron singlet−is degenerate, the splitting between the emission lines corresponds to the splitting between the initial states due to the hole-Mn interaction. One could expect that each of the lines is in fact a doublet, with the small splitting between them due to the e-e and eMn interactions, however only one of them is bright: only states with s z = −1/2 can have an electron singlet as a final state. The existence of the six lines in the emission confirms the previous hypothesis of the s-p electron pair behavior as a S = 0 particle.
In the higher-energy part of the emission spectra (see Fig. 4(b) ), the transitions to the final states of electrons in a triplet states are presented. This part of emission spectra consists of six groups of peaks split by the h-Mn interaction in the initial state. Five of the main peaks are then further split into three due to the e-e and eMn-induced splitting in the final state and correspond to different final states. The highest-energy main peak is split into two, since the transition from the highest energy state of the X 2− -Mn complex to the fourfolddegenerate final state is dark. Therefore, by looking at the energy difference between two consecutive peaks, within the same main peak, i.e., the solid and dasheddot peaks, one can obtain the effective splitting of the final state, which depends on e-e and e-Mn interactions. Each of these peaks can be further split, reflecting the e-Mn induced splitting in the initial state giving total of 31 optically active transitions, however this splitting is not visible on the scale of Fig. 4(b) .
The simplest system allowing to study the behavior of electrons in a half-filled shell is the X 3− complex. In the GS of this complex, the two electrons in the p shell are in a triplet state S = 1, which makes them a good candidate to interact with the Mn spin. Indeed, as we have shown previously, there exists an effective interaction between the p-shell and the Mn spin mediated by the e-e Coulomb interactions. Here we describe the electronic properties of the initial and final states of the X 3− complex and its emission spectrum.
Initial state
The GS of the X 3− is composed of four electrons and one hole. As previously, we focus only on one subspace, with the hole spin projection τ = 3/2. The lowest-energy configurations of the X 3− complex have total angular momentum equal to zero, and are fourfold degenerate in the absence of e-e Coulomb interactions. The degeneracy is due to the four possible spin configurations of the two unpaired electrons in the p shell: they can be either spin polarized (s z = ±1) or with s z = 0, creating either a singlet or a triplet state.
The total number of the X 3− -Mn configurations with the angular momentum L = 0 and τ = 3/2 in a QD confining three single-particle shells is 2664. The excited configurations of the X 3− -Mn complex play an important role in mediating the interactions between the p-shell electrons and Mn. Therefore, the X 3− complex allows us to study the behavior of S = 1 and S = 0 spins interacting indirectly with Mn. Figure 5 (a) shows the evolution of the GS energy as we add the interactions. With inclusion of the Coulomb interactions between the carriers, the 24-fold degenerate X 3− -Mn GS splits into two states: a lower-lying triplet- Mn (18-fold degenerate) and a singlet-Mn (sixfold degenerate). The h-Mn interaction breaks the Mn symmetry and splits both of these manifolds into six levels. Each of the six triplet-Mn levels is still threefold degenerate. This degeneracy is lifted by e-Mn interaction. This takes place only in the presence of the e-e Coulomb interaction in the QDs containing at least three shells and it is another proof that both of the p electrons are coupled indirectly with the Mn ion. The splitting of singlet-Mn state remains unchanged, but its energy is lowered in relation to the system without e-Mn interaction. As the e-Mn splitting is smaller than the h-Mn splitting, it is out of scale in Fig. 5(a) . Figure 5 (b) shows the coupling scheme between X 3− -Mn configurations with different s z . The configuration of X 3− -Mn with two spin-up electrons in the p shell and the Mn spin M z is coupled by e-e Coulomb interactions with an excited configuration (with the same M z ) in which the spin-down electron is scattered to the p shell and the spin-up electron is scattered to the d shell [as shown in the bottom-left panel of Fig. 5(b) ]. The e-Mn interaction can flip the spin of the electron occupying the s shell, with a simultaneous increase of the Mn spin by one (to the state with M z + 1). Now, this configuration is coupled via e-e Coulomb interactions with a low-energy X 3− -Mn configuration in which there is a spin-up and spin-down electron in the p shell and the Mn spin is in the state M z + 1. Therefore, all initial states forming the GS manifold are indirectly coupled via e-e and e-Mn interactions, as shown by the dashed arrow. This coupling breaks the triplet degeneracy, and can be again treated as one induced by an indirect coupling between two p-shell electrons and the Mn ion.
Final state
The final state, left over after recombination of the spin down electron with the spin up hole from the X 3− complex, is an excited state of the three electrons system (with L = 0). It is formed by one electron in the s shell and two in the p shell. However, since the configurations with two electrons in the s shell and one in the d shell have the same kinetic energy as the configurations mentioned before, they are strongly coupled by the e-e Coulomb interaction. Figure 6 (a) shows the coupling scheme between four three-electron-Mn (3e-Mn) configurations with the same kinetic energy but with different s z . The coupling mechanism between the configurations is the same as that explained in previous sections. Figure 6 (b) illustrates how the energies of the 3e-Mn system evolve as interaction terms are added. In the absence of any interactions, all of the considered configurations have the same energy. This energy level is 60-fold degenerate, ten due to electron configurations times six Mn spin orientation. Addition of the e-e Coulomb interaction splits the energy of the 3e-Mn complex into four levels, with degeneracy 24, 12, 12, 12, respectively. The lowest-energy electron state has total spin S = 3/2, while all higher energy levels correspond to S = 1/2. It is important to notice that the two intermediate S = 1/2 states are not final states of the X 3− complex recombination in a QD with or without Mn. It is so because they are built by the configurations with two electrons in the s shell and the third electron in the d shell mixed with the configurations with one electron on the s shell and a pair of electrons occupying the p shell in a singlet state. At the same time the lowest and higher energy states are formed mostly by configurations with only one electron in the s shell and two in the p shell, allowing them to be final states in the recombination of the X 3− (-Mn) complex.
In the presence of the e-Mn interaction, the S = 3/2 level splits into four states and each of the S = 1/2 levels into two. We observe that the S = 3/2 and two first S = 1/2 three-electron states are ferromagnetically coupled with Mn, since the degeneracy of levels (related to total electron-Mn spin) decreases as a function of energy. The ordering of states is different in the case of highest S = 1/2 state which is antiferromagnetically coupled with Mn.
Emission spectrum
Here we investigate the emission from the equally populated initial states of the X 3− -Mn complex with S = 1 [18 lowest energy levels in Fig. 5(a) ]. The emission spectra from the X 3− -Mn complex consist of two main groups of peaks corresponding to optical transitions from the initial states to the S = 3/2 and the highest of S = 1/2 final states, in the way resembling the emission from X 3− in nonmagnetic QD [ see Fig. 1(b) ]. These two types of transitions will be analyzed separately. Figure 7(a) shows the X 3− -Mn initial and final energy levels, with the dashed arrows denoting the transitions to the highest two final states with S = 1/2. The emission spectrum from X 3− -Mn complex to these final states consists of six groups of peaks and it is shown in Fig. 7(b) . The splitting into main six groups is caused by the h-Mn interaction in the initial state, while the splitting into two peaks in each group is due to the e-Mn interaction in the final state. The effects of the splitting of the initial state induced by the e-Mn interaction are not visible in this figure, but they cause further splittings of emission lines. Figure 8(a) shows the X 3− -Mn initial and final energy levels, with the solid arrows representing optical transitions from all initial states to four final states with S = 3/2 (differentiated by the color).
In the high-energy part of the X 3− -Mn emission spectrum, Fig. 8(b) , there are also six main groups of peaks originating from the splitting of the initial states due to the h-Mn interaction. Each of these groups is further split by the e-Mn interaction in both the final and initial states. To observe these splittings, the details of the emission from the first three energy levels of the initial state to the four final states with S = 3/2 are shown in the inset. It consists of nine emission lines (three transitions are dark), arranged into four groups, each corresponding to a different final state. The splitting between these four groups corresponds to the strength of e-Mn interaction in the final state, while the splitting within each group is due to the indirect e-Mn interaction in the initial state. The e-Mn-induced splitting in the final state is larger than that in the initial state, because the finalstate configuration has an electron in an open s shell directly interacting with Mn, while in the initial state, the interaction between p-shell electrons and Mn is mediated by e-e Coulomb interactions.
E. Comparison between emission spectra of different complexes
Now we analyze the evolution of the emission spectrum for the right circularly-polarized light as the number of excess electron N e confined in the QD is increased. In Fig. 9(a) , we show the comparison between the emission spectra of X-Mn, X − -Mn, and the high-energy parts of the emission spectra of X 2− -Mn, and X 3− -Mn complexes. The emission spectra of these complexes are shown as a function of the number N e of extra electrons in a QD in Fig. 9(b) , where the low-energy peak is clearly marked in red. Its energy is almost the same for X−, X 2− , and X 3− -Mn, and it is much lower than the lowenergy peak for X-Mn. This corresponds to the similar plateau as is visible in the emission of a nonmagnetic charged QD 34, 37 [ see Fig. 1(c) ]. Figure 9 (c) shows the evolution of the low-energy emission lines with the number of excess electrons N e . For the X-Mn complex, there is only one emission line, since there is only one final state of the electron-hole recombination, being the state of Mn with M z = −5/2. The emission from the lowest state of X − -Mn complex consists of two lines with the splitting between them corresponding to the final-state splitting (electron-Mn complex creating state with total angular momentum J = 2 or J = 3). In the case of the X 2− -Mn complex with S = 1, there are three final states of the two-electron system, all of them triplets. Again, the splitting between the emission lines can be translated into the splitting between final states. The lowest-energy emission spectrum of the X 3− -Mn complex with S = 3/2 consists of four groups of levels, with the splitting between them reflecting the splitting of the four final states of three electrons with S = 3/2 as described in the previous section. Each of these groups exhibits a fine structure related to the fine structure of the initial state.
F. Effects of Mn in an off-center position
When Mn is positioned away from the dot center, the cylindrical symmetry of the dot is broken and the total angular momentum L is no longer a good quantum number. As a result, the states with finite angular momenta, e.g., L = ±1, are coupled by Mn-induced scattering of the carriers, which opens additional gaps in the spectrum. Moreover, carriers occupying QD orbitals with non-zero angular momentum, e.g., p orbitals, interact directly with Mn. Figures 10(a) and (b) allows to compare the emission spectra from X 2− -Mn complex confined in the QD with Mn ion in the center R = (0, 0) (a) and at position R = (0.3l 0 , 0) away from the center (b). Indeed, in Fig. 10(b) , one can observe additional peaks that arise from the removal of degeneracy of energy levels, which for a rotationally symmetric dot were orbitally degenerate, in this case states with L = ±1. Shifting Mn to a more off-center position leads to significant changes in the emission spectrum, as discussed in Refs. 26 and 43. In previous sections, we have demonstrated that the measure of the strength of the indirect p-electron-Mn interactions is given by the splitting of the six groups of the emission lines in the X 2− -Mn spectrum, and this in turn is determined by the splitting of the final state of the emission. This allows to assess the relative importance of the indirect component of that interaction, which is the only coupling mechanism for the impurity in the center of the QD, compared to the direct p-electronMn interaction, which is present when the impurity is shifted off-center. In Fig. 10(c) , the evolution of the energies of the 2e-Mn complex as the Mn is displaced is presented. Figure 10(c) (left) , shows the evolution of the 2e-Mn spectrum as a function of Mn position capturing all direct and indirect terms, while in Figure 10 (c) (right) the direct interactions is turned off, artificially setting J pp = 0. In Fig. 10(c) (left) the three sets of lines split as the impurity is shifted as due to symmetry breaking. However, apart from that, the splitting of 2e-Mn complex (the large gaps) is of the same order in both cases until the position of Mn exceeds R ≈ (0.6l 0 , 0). We conclude that the indirect interaction is dominating the direct one over very broad range of the Mn position in the QD, and as such should not be ignored.
IV. SUMMARY
In summary, we presented a microscopic theory of the optical properties of self-assembled quantum dots doped with a single magnetic (Mn) impurity containing a controlled number of electrons N e . The total spin of the electron complex is controlled by the population of electronic shells: it is zero for closed shells and maximal for half-filled shells. We show that even though electrons may occupy electronic states that are not coupled directly with Mn, there exists an indirect coupling mediated by electron-electron interactions. This coupling allows for the detection of electron spin and verification of Hund's rules in self-assembled quantum dots from emission spectra. We have shown that the indirect interaction between p electrons and Mn ion is an important effect even when Mn is shifted away from the center of the quantum dot, and dominates over the direct interaction over a broad range of Mn positions. The details and a complete analysis of this e-Mn coupling mediated by e-e Coulomb interaction is a subject of a further study. 
